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The problem of improving fracture and/or fatigue life of structural components by means of patch repairs is addressed
in the present paper by applying a biology-based method, known as the Genetic Algorithm. The optimum design proce-
dure consists in evaluating the patch topology, to be applied to the highest stressed region, which maximises the fracture
resistance or the expected fatigue life of the improved structural component by keeping constant the total patched area
(constrained optimisation problem). The proposed procedure is implemented in a ﬁnite element code and some numerical
simulations are carried out in order to assess its reliability. The method is applied to two simple cases of cracked plates
under pure Mode I or Mode II: for such analysed conﬁgurations, the method allow to improve signiﬁcantly the fracture
or fatigue behaviour of structural components repaired by employing the optimised shape patches instead of a simple
shape (e.g. square or rectangular) patches.
 2006 Elsevier Ltd. All rights reserved.
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The presence of damage in structural components is quite common in many engineering applications such
as mechanical, aerospace, automotive, marine, nuclear, civil, etc. To assure the required safety level in a dam-
aged structure, common actions to be performed are temporary repair, permanent repair or replacement.
Among them, repairs in components with out-of-tolerance defects represent the easiest way to achieve the
requested safety level at low economic and time costs.
Cracked structural components which present ﬂat shapes can be simply repaired by using bonded overlay
patches which can easily be applied in situ and moreover (mainly by reducing the stress ﬁeld in the critical
zones) with the beneﬁcial eﬀect to improve the mechanical resistance and increase fatigue life (Liu et al.,
1997; Ting et al., 1999; Davis and Bond, 1999; Zacharopoulos, 1999; Belhouari et al., 2004). Nevertheless0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.006
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Nomenclature
a, 2a crack length for the strip and the square plate, respectively
Aij, Bij matrixes of integer numbers (0 or 1) randomly generated
Aav area available (or allowable) for patch repair
Apatch patched area
C constant value of the penalty function
Dq,ij real encoded matrix containing the initial population (M individuals)
Dq;ij real encoded matrix containing the oﬀspring population (M individuals) at a given iteration (i.e.
at a given generation stage)
DLq;ij; D
K
q;ij real encoded matrixes with all the columns consisting of the parameters of the two best indi-
viduals, L and K (parents), respectively
Dq,iL, Dq,iK columns of Dq,ij to which correspond the two individuals, L and K (parents), with the best
performance
E(x) Young modulus distribution (of the patch) related to the density distribution q(x)
E Young modulus of the patch material
Ei Young modulus of the interface material
F KIðq0ðxÞÞ SIF objective function (function of the normalised density distribution q 0(x))
FFL(q 0(x)) fatigue life objective function (function of the normalised density distribution q 0(x))
GA Genetic Algorithm
2H height of the cracked strip
KI, KII, KIII stress–intensity factors related to Mode I, II and III, respectively
Keplate; K
e
patch FE stiﬀness matrices for the plate and the patch, respectively
2L length of the cracked plate
M number of individuals in a given population
N number of design variables in the optimisation procedure
Nc crossover point (1 < Nc < N)
Nm number of individuals for which a mutation occurs
Pc, Pm normalised probability of crossover and of mutation, respectively
Pm,g,crossover normalised probability of mutation, deﬁning the number of genes to be mutated (for indi-
viduals generated by crossover)
Pm,g,elitism normalised probability of mutation, deﬁning the number of genes to be mutated (for individ-
uals generated by elitism)
R = rmin/rmax loading ratio
Rf penalty function
SIF Stress–Intensity Factor
t, t 0 thickness of the cracked plate and of the patch, respectively
YI, YII geometric correction factors or dimensionless SIFs for Mode I and II, respectively
x position vector
2w, s sizes of the rectangular area available (or allowable) for patch repair
u thickness of the plate–patch interface material
{r} stress vector
r0 uniform tensile stress applied to the cracked plate
s0 uniform shear stress applied to the cracked strip
0 6 f 6 1 real number randomly generated for direction-based crossover
0 6 g 6 1 fraction of the total area available for patch repair (Apatch = g Æ Aav)
q density of the patch material
q(x) density distribution of the patch
q 0(x) normalised density distribution of the patch
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R. Brighenti / International Journal of Solids and Structures 44 (2007) 1115–1131 1117patch repairs must assure a given level of eﬃciency and bond durability under service conditions, since a badly
repaired structures can behave worse than the corresponding unrepaired ones (Tsai and Shen, 2004). For such
a reason, the design of eﬃcient patch repairs is a crucial task which is very important from both economic and
technical point of view; the choose of an optimal shape could be a good way to obtain the desired perfor-
mance, in order to get the maximum structural safety–cost ratio (Mahadesh Kumar and Hakeem, 2000;
Haftka and Grandhi, 1986; Wieghardt et al., 1997).
In the present paper, the optimal shape of a patch repair for a cracked plate under both Mode I or Mode II
type fracture is determined by applying a biology-based method, known as the Genetic Algorithm (GA).
Genetic Algorithms are well-known types of evolutionary computation methods today and have been adapted
to many diﬀerent areas of applications (Goldberg, 1989; Davis, 1991; Gantovnik et al., 2003; Eduardo et al.,
2004; Cappello and Mancuso, 2003; Zohdi, 2003; Muc and Gurba, 2001; Surendranath et al., 2003; Sadagopan
and Pitchumani, 1998). In the present study the best patch topology is obtained by ﬁnding the optimal patch
material density distribution in an allowable given domain in which the repair is assumed to remain conﬁned
and the material density distribution can be regarded as the design variable of the problem. The Genetic Algo-
rithm is developed here to ﬁnd out the extreme values of appropriate objective functions: the best (optimised)
patch shape minimises the Stress–Intensity Factor or maximises the number of allowable cycles – in the zones
where the fatigue life is expected to be minimum – in order to improve the fracture resistance or the cyclic load
resistance, respectively, while keeping constant the total patched area (constrained optimisation problem).
The proposed optimisation procedure is implemented in a Finite Element (FE) code and some numerical
simulations are performed in order to assess its reliability. For the cracked plates problems being considered,
a signiﬁcant increase of the fracture resistance and of the fatigue life can be obtained by employing an optimal
shape patch instead of a simple shape (square or rectangular) patch.
2. Deﬁnition of the problem
According to the Linear Elastic Fracture Mechanics, the stress ﬁeld near the crack front can be generally
described as follows (Broek, 1982):frg ¼ ð2p  rÞ1=2  ½Y   fKg; with fKg ¼ KI KII KIIIf gT ð1Þ
that is, the stress ﬁeld components (grouped in the column vector {r}) depend both on a singular function of
the distance r from the crack front and on the SIFs written as the product of geometric correction factors
(grouped in the matrix [Y]) and the Mode I, II and III standard SIFs (grouped in the column vector {K}).
Generally, solutions of the SIFs related to patched cracks exist only for particular cases (Liu et al., 1997;
Ting et al., 1999; Davis and Bond, 1999) while most frequently the fracture behaviour of a cracked plate with a
patch bonded on the plate surface must be obtained by numerical analyses.
Since the fracture resistance of a structural component is related to the Stress–Intensity Factor (SIF) value,
such a parameter should be evaluated when an overlay patch is applied to the ﬂawed plate. In the present
study the SIFs for Mode I and Mode II are evaluated by using the displacements correlation technique
(Lim et al., 1992) applied to quarter point ﬁnite elements nodal results. By writing the displacement ﬁelds
for a crack under Mode I or Mode II loading (Lim et al., 1992):uc
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the corresponding SIFs can be evaluated, where uc and ug are nodal displacements normal and parallel to the
crack plane, respectively, a is the position angle of the considered point with respect to the crack direction,
while j = (3  m)/(1 + m) or j = (3  4m) for plane stress or plain strain conditions, respectively.
If a cracked structural component is repaired by employing a patch, the mechanical behaviour improves
since the stresses near the crack tip (and consequently the SIF) decrease due to their deviation from the
cracked plate to the applied patch. Note that the SIFs are reduced depending on the mechanical, geometrical
and bond properties of the patch adopted.
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the number of cycles to failure must be performed in the improved structure.
Typically, fatigue calculation under constant amplitude cyclic loads can be tackled by the so-called S–N
curves, (also known as Wo¨hler curves, Fig. 1), which give the cyclic load range to failure against the number
of load cycles for a given loading ratio R = rmin/rmax. As several experimental tests have shown, such curves
can be approximately described by an empirical equation of the form:N ¼ ðr=AÞ1=B ¼ const  r1=B ð3Þ
with A, B > 0 fatigue constants of the material under study; typically the constant A is assumed as the yield ry
or ultimate stress ru of the material. For stress levels below a threshold value rL (fatigue limit, which is usually
and conventionally assumed as the stress amplitude – for a give stress ratio R – at which corresponds a fatigue
life at least equal to 2 · 106 cycles), the curves become horizontal and no fatigue eﬀects occurs (unlimited
fatigue life). In the case of uniaxial cyclic stress state r* (with rL < r* < A and stress ratio R*) the correspond-
ing number of cycles N* to failure can be evaluated asN  ¼ A1=B  r1=B ð4Þ
On the other hand when r* > A the fatigue life is assumed to be zero while when r* < rL the fatigue life is
assumed to be practically unlimited.
Since mean stress eﬀects were recognised to have potentially very important eﬀects on fatigue life of struc-
tural components, several formulas have been proposed (Sendenckyj, 2001) in order to relate fatigue tests
observations with the corresponding mean stress values. These empirical equations are usually referred as
the mean stress correction equations which have the aim to quantify an equivalent zero mean stress cycle,
rendur,R=1 (R = rmin/rmax = 1 indicates a fully reversed stress cycle with rmean = 0), which produce the
same fatigue damage as the actual applied stress cycle having amplitude ralt and with a non-zero mean stress
rmean. The typical form of a correction equation isrendur;R¼1 ¼ ralt
1 rmeanrref
 p with ralt ¼ rVMð1 RÞ=2; rmean ¼ rVMð1þ RÞ=2 ð5Þ
where the Von Mises stress rVM has been considered as the measure of damage due to fatigue as usually ob-
served in metals. Usually the tensile yield stress ry or the ultimate stress ru are used as the reference stress rref.
By assuming the exponent p = 1 and rref = ru in Eq. (5), we have the expression usually known as the Good-
man correction (Goodman, 1899):rendur ¼ ralt
1 rmeanru
ð6ÞOn the other hand when the exponent p = 2 is used, we have the so-called Gerber correction (Gerber, 1874)
which takes into account both tensile or compressive stress eﬀects (due to the even exponent). By assuming
p = 1 and rref = ry we obtain the so-called Soderberg correction (Soderberg, 1930).σ∗
R =  0.5
R =  0.0
R = -0.5
R = -1.0
R =  1.0
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α
Fig. 1. Wo¨hler’s S–N fatigue curves for various stress ratios R.
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3.1. Introduction
Several optimisation engineering problems are quite diﬃcult to be solved through conventional (such as
gradient-based) techniques (Haftka and Grandhi, 1986; Bendsøe and Kikuchi, 1988). For such a reason,
the interest in alternative algorithms, known as Genetic Algorithms (GAs) (Wieghardt et al., 1997; Goldberg,
1989; Davis, 1991), based on simulating the natural evolutionary process of life, has been developed recently.
Such algorithms can be regarded as random, stochastic, global optimisation methods, and can be used to opti-
mise a chosen objective function suitable for a given problem. Each GA is based on the Darwinian survival of
the ﬁttest principle, and iteratively improves the current solution by applying genetic concepts until a desired
convergence (for a ﬁxed tolerance) or the maximum number of generation is attained.
The use of a GA instead of classical techniques (Gantovnik et al., 2003) can solve problems characterised by
numerical instabilities, having multiple minima or characterised by non-convex objective functions, avoiding
the risk to miss the global optimum as sometimes happens by employing classical optimum search methods.
Basically GAs can handle any kind of objective function, and do not require any use of complex mathematical
theory but simple basic concepts (such as generation of a random population, selection, crossover and mutation
as explained in the following) to get a new solution with better performances than that of the previous one.
The generality of Genetic Algorithms has been the reason for their applicability to several and diﬀerent
problems such as optimisation of structural performances (Gantovnik et al., 2003; Eduardo et al., 2004), struc-
tural topology (Wieghardt et al., 1997; Cappello and Mancuso, 2003), structures identiﬁcation (Zohdi, 2003),
material and composite materials (Muc and Gurba, 2001; Surendranath et al., 2003; Sadagopan and Pitchu-
mani, 1998), beyond several non-structural problems.
A GA usually works as follows: ﬁrstly an initial population (composed byM individuals representing a set of
design parameters) is randomly generated. Such a population must adequately be encoded for computational
handling: for instance, it can be represented by the elements (called genes) of a rectangular matrix whose jth
column contains the N design parameters (i = 1, . . . ,N) belonging to the jth individual (j = 1, . . . ,M) of the
population.
In the present paper such a matrix is indicated with Dq,ij and it contains the material density distribution
values q(x) of the ﬁnite elements which discretise the patch. Once an appropriate objective function has been
assumed (desired design performance), its value is evaluated for each of the above M individuals in order to
determine their ﬁtness.
To solve the optimisation problem by using a GA, a crossover strategy must be deﬁned to generate a new
population (oﬀspring) obtained from the previous one. For example, after assessing the ﬁtness of each individ-
ual belonging to the initial population, the two individuals (parents), L and K (the Lth and Kth columns of
Dq,ij, i.e. the columns Dq,iL and Dq,iK, respectively) that show the best performance with respect to the given
objective function, can be used to generate a new population Dq;ij by employing genetic concepts such as both
crossover and elitism. The new population can be obtained from the previous one as follows:crossover Dq;ij ¼ Aij  DLq;ij þ Bij  DKq;ij with probability P c 6 1 ð7aÞ
elitism Dq;ij ¼ Dq;ij with probability ð1 P cÞ 6 1 ð7bÞwhere Pc represents the normalised probability (0 6 Pc 6 1) that the new individuals be generated by the so-
called continuous crossover, while (1  Pc) represents the normalised probability that the new individuals be
generated by elitism (Goldberg, 1989). Note that the matrices DLq;ij; D
K
q;ij in Eq. (7) have in all their columns
the best individual parameters Dq,iL and Dq,iK, respectively.
Furthermore, the matrix Aij can be obtained as follows: a matrix (with dimension N ·M) of random num-
bers is generated; if the value of the number in the position (i, j) is greater than a given crossover value, the
corresponding value in the matrix Aij is set equal to 1, otherwise it is set equal to 0. Subsequently, the matrix
Bij is determined by assuming that Aij + Bij = 1, where 1 is a matrix with all elements equal to 1. In order to
decide on which individuals to apply the crossover and on which ones the elitism operator, the values of the
individual index j can be, for instance, randomly generated with a constant probability algorithm.
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operation (parents L and K), some of such individuals are simply transferred to the new population (elitism,
Eq. (7b)).
An alternative to the continuous crossover could be adopted: a randomly generated number, a so-called
crossover point Nc (1 < Nc < N), indicates that some individuals of the new population D

ij should receive part
of the genes (from the ﬁrst to the Ncth) from the ﬁrst parent L and the remaining part (from the Nc+1th to the
Nth) from the second parent K:crossover Dq;ij ¼
DLq;ij if i 6 N c
DKq;ij if i > N c
(
with probability P c 6 1 ð8aÞwhile other individuals should be simply generated by elitism:elitism Dq;ij ¼ Dq;ij with probability ð1 P cÞ 6 1 ð8bÞ
Another possible way to perform crossover, which is used in the present paper, is the so called direction-
based crossover which allow better numerical performance of the algorithm:crossover Dq;ij ¼ f  ðDLq;ij  DKq;ijÞ þ DLq;ij with probability P c 6 1 ð9aÞ
elitism Dq;ij ¼ Dq;ij with probability ð1 P cÞ 6 1 ð9bÞwhere f is a real number belonging to the real interval [0, 1], and the ﬁtness given by L is assumed to be better
than that of K.
In an optimisation problem it is very important to explore design space as large as possible in order to not
miss optimum solutions: to this end the mutation concept can be employed to partially modify the new pop-
ulation just obtained. By assuming a probability of mutation Pm 6 1, some individuals (with such a probability
Pm) of the oﬀspring D

q;ij can randomly be redeﬁned in a number Nm,g (1 6 Nm,g 6 N) of their design param-
eters (genes). The probability which deﬁnes the number of genes to be mutated is assumed to be equal to either
Pm,g,crossover for individuals generated by crossover or Pm,g,elitism for those obtained by elitism.
3.2. Patch shape optimisation procedure
The described genetics-based algorithm is here applied to determine the optimal shape of a patch repair for
a cracked plate under Mode I or Mode II loading in order to improve its fracture or fatigue behaviour. The
patch is identiﬁed by means of its material’s density distribution q(x), where x is the position vector spanning
the area Aav available for the patch repair. As stated above, it represents a constrained optimisation problem
characterised by a ﬁxed amount of patched area, Apatch = g Æ Aav (with 0 6 g 6 1), that is, Apatch is a fraction of
the total available area Aav (equivalently the volume of the patch Vpatch = g Æ t 0 Æ Aav is assumed as constant,
where t 0 is its thickness).
For the sake of computational simplicity, a normalised material density distribution function, q 0(x)
(0 6 q 0(x) 6 1) is used as the design variables and it is ‘‘discretised’’ by using a matrix Dq,ij of real numbers.
The eﬀective density distribution q(x) can be easily determined by simply scaling q 0(x) as follows:qðxÞ ¼ q  ApatchZ
Aav
q0ðxÞdA|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
const
q0ðxÞ ¼ Cq0ðxÞ ð10Þwhere q is the constant real density of the patch material, while the mass of the patch can be written as:
t0qApatch ¼ t0
R
Aav
qðxÞdA. Once the density distribution q(x) of the patch is known, the corresponding Young
modulus distribution can be evaluated through an expression usually given in the form (Mlejnek and Schirr-
macher, 1993):EðxÞ ¼ E  qðxÞ
q

 b
ð11Þ
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to be equal to 2.0. Finally the stiﬀness matrix Ketot of a generic ﬁnite element e used to discretise the problem,
can be simply obtained asKetot ¼ Keplate þ ki  KepatchðEðxÞÞ or Ketot ¼ Keplate ð12Þ
in the patched or unpatched region, respectively, where ki is a factor (0 6 ki 6 1) which quantify the plate–
patch bond stiﬀness.
The use of the continuous density distribution q(x) could give patched plate’s zones characterised by den-
sities ranging in the interval [0, 1] which can result to be meaningless in a physical problem of optimum shape
ﬁnding. In fact in this way there will be regions of the potentially patched area, having intermediate densities
with a consequent diﬃcult physical interpretation while, theoretically, the density distribution should be char-
acterised only by values tending to zero (i.e. absence of patch’s material) and tending to one (i.e. the eﬀective
patch’s material density). This diﬃculty can be overcome by introducing a penalty function Rf (Bendsøe and
Kikuchi, 1988) to correct the evaluation of the considered objective function F(q(x)) (which measures the per-
formance of the mechanical system): its aim is to penalise the performances of the patch conﬁgurations char-
acterised by regions in which the dimensionless density distribution q 0(x) is substantially diﬀerent from 0 or 1.
As an example, by considering the SIF as the desired objective function ðF KIðq0ðxÞÞ ¼ Y IÞ, the penalisation
can be used asF KIðq0ðxÞÞ ¼ Y I  ð1þ Rf Þ ð13Þ
where the penalty function, 0 6 Rf 6 C, suitable when using a continuous density distribution, can be deﬁned
asRf ¼ C  2p  arctgðn 1Þ
 
with n ¼ q  t
0  ðAav  gÞ
q  t0  RAav q0ðxÞ  Qðq0ðxÞÞdAP 1 ð14Þ
where in Eq. (14)2 the eﬀective density q has been introduced to give a physical meaning to the previous
expression (ratio between masses). The weight function Qðq0ðxÞÞ in the integral of Eq. (14)2 (deﬁned in the
domain [0,1]), can be written asQðq0ðxÞÞ ¼ ð2q0ðxÞ  1Þn 6 1 ð15Þ
it tends to 1 when q 0(x)! 0–1 or to 0 when q 0(x) diﬀers from these two extreme values; the slope of its ﬁnal
branches can be increased by using high values of the exponent n (n must be an even integer number, Fig. 2).0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 2. Weight function used to deﬁne the penalty term Rf in the GA shape optimisation procedure.
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and gives the possibility to choice any kind of objective function to improve any desired performance.
In the present study both fracture and fatigue resistance are considered as objective functions. In order to
optimise the fracture behaviour, a possible objective function to be minimised should be assumed to be equal
to the SIFs:F KIðq0ðxÞÞ ¼ Y I; F KIIðq0ðxÞÞ ¼ Y II; F Keqðq0ðxÞÞ ¼ Y eq ð16Þ
where the dimensionless SIFs in Mode I (YI), in Mode II (YII) or in mixed Mode I + II (Yeq) have been used.
The optimal conditions searched can be written as follows:search for Dq;ij : min½F KIðq0ðxÞÞ ¼ min½F KIðDq;ijÞ is attained
search for Dq;ij : min½F KIIðq0ðxÞÞ ¼ min½F KIIðDq;ijÞ is attained
search for Dq;ij : min½F Keqðq0ðxÞÞ ¼ min½F KeqðDq;ijÞ is attained
ð17ÞIf the fatigue resistance must be optimised instead, the objective function could be assumed to be equal to
the fatigue life (cycles to failure):F FLðq0ðxÞÞ ¼ N cycles;min ð18Þ
where the minimum number of cycles Ncycles,min detected in the structure, evaluated through Eqs. (4)–(6), is
used. The optimal conditions consists in the maximisation of FFL:search for Dq;ij : max½F FLðq0ðxÞÞ ¼ max½F FLðDq;ijÞ is attained ð19Þ4. Numerical implementation of the optimisation procedure
The proposed GA-based optimisation procedure is implemented in a ﬁnite element code (developed by the
author and co-workers) in order to verify its capability in predicting the optimal shape of a patch repair for a
cracked plate under Mode I or Mode II loading.
In practice the GA procedure is applied to ﬁnd out the density distribution of a patch repair by employing a
real encoded design matrix Dq,ij, whose values represent the normalised material densities of the ﬁnite elements
which discretise the patch. A direction-based crossover with a deﬁned amount of mutation is used until either a
given error tolerance between two subsequent iterations is attained (solution convergence) or the maximum
number of iterations is reached (Cho and Ha, 2002; Brighenti, 2004).
The GA procedure can be brieﬂy summarised as follows (see Fig. 3): (a) random generation of M norma-
lised material density distributions q 0(x) (M individuals with N genes each, with N = No. of FE used to discre-
tise the area Aav) collected in the real matrix Dq,ij; (b) evaluation of the corresponding material density
distribution q(x) (by Eq. (10)); (c) evaluation of the Young modulus distribution E(x) (related to q(x)) by
using Eq. (11); (d) evaluation of the stiﬀness matrix for each FE in the patched area (Eq. (12)); (e) solution
of M FE diﬀerent problems for the M diﬀerently patched cracked plates, in order to evaluate the correspond-
ing performances (see Eqs. (16), (18)); (f) choice of the best individuals (parents), L and K, to generate the oﬀ-
spring (M individuals) by applying both crossover (with the given probability Pc 6 1) and elitism (with the
given probability (1  Pc) 6 1); (g) mutation of a certain number of individuals (with a probability Pm 6 1).
For such individuals, a number Nm,g (1 6 Nm,g 6 N) of genes is randomly redeﬁned: the probability which
deﬁnes the number of genes to be mutated is assumed to be equal to Pm,g,crossover or Pm,g,elitism for individuals
generated by crossover or by elitism, respectively; (h) Check whether the required convergence of solution has
been attained or the maximum number of iterations has been attained. If both conditions are not satisﬁed, the
procedure goes on by skipping back to step (b).
5. Numerical tests
In the present section, some numerical tests performed to ﬁnd out the optimum patch shapes for repaired
cracked plates under Mode I or Mode II loading in order to improve either fracture or fatigue resistance are
presented. Finally the obtained results are discussed and some qualitative remarks are made.
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Fig. 3. Flow-chart of the Genetic Algorithm implemented in a FE code applied to the shape optimisation of a patch repair to improve
fracture or fatigue resistance of cracked members.
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The ﬁrst example considers a square plate with a central crack under uniform tension r0 (Fig. 4a). The plate
presents a side length equal to 2L, thickness equal to t = L/100, whereas the central crack length is equal to 2a,
with a = L/10. The cracked zone is assumed to be patched with a plate having thickness t 0 = t.
The goal of the optimisation consists in ﬁnding the best shape of the patch, with an assigned area Apatch,
under the geometric constraint that the extension of the patch must remain inside an available square region
Aav = 2w Æ 2w = 4w
2 (light grey shaded region centred with respect to the crack, Fig. 4a), with w = 3a = 3L/10.
In the present case, g is assumed to be equal to 0.60, so the patched area available is equal to Apatch = g Æ Aav =
0.60 Æ 4w2 (dark grey shaded region in Fig. 4b, in the case of a square patch). For sake of simplicity both patch
and the plate materials are assumed linear-elastic and isotropic, with Young modulus E ¼ 210000 MPa and
Poisson ratio m ¼ 0:3 (e.g. steel). Furthermore, the bond between the cracked plate and the patch is assumed
to be complete, i.e. without any interface (see Section 5.3) between the two structural components which are
assumed to be either in a plane stress state.
5.1.1. Fracture resistance optimisation
The ﬁrst objective function considered is the dimensionless Mode I SIF, YI:Y I ¼ KIr0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p  ap ð20ÞFor the unpatched cracked plate it is equal to YI = 1.014 (Isida, 1976).
The GA described above is here applied by considering an initial population of 10 individuals (M = 10,
randomly generated normalised density distributions). Note that the use of 10 individuals does not mean that
the optimised solution is searched only among them since the crossover and the mutation operation are equiv-
alent to provide a wider population (space of the solutions). The probability of crossover and that of mutation
are assumed to be equal to Pc = 0.60 and Pm = 0.30, respectively. Further, the probability which deﬁnes the
σ 0
σ 0
2L
2w
a
t
Y
X
2a
2L 2w
t'
b
X
Y
Fig. 4. Square plate with a central crack under uniform tension (a); the area Aav available for patch repair is shown (light grey shaded
region). FE mesh of a quarter of the plate (b); the patch area Apatch is shown (dark grey shaded region).
1124 R. Brighenti / International Journal of Solids and Structures 44 (2007) 1115–1131number of genes to be mutated is equal to Pm,g,crossover = 0.20 or Pm,g,elitism = 0.80 for individuals generated
through either crossover or elitism, respectively, while in Eq. (14) the coeﬃcients C and n of are equal to
0.2 and 10, respectively. Because of the double symmetry of the structure, only one quarter of the patched
plate is modelled by using 179 2-D eight-node ﬁnite elements (Fig. 4b).
In Fig. 5a such a dimensionless SIF, Y I ¼ F KIðq0ðxÞÞ, is plotted (continuous and dashed lines) against the
number of iterations of the GA process. The SIF values for the unpatched plate and for the plate with a square
patch are also shown together with results obtained from both theoretical (Isida, 1976) and present FE com-
putations. The dimensionless SIF after 1000 iterations is reduced to about 47% of that related to the simple
square patch case and that the ﬁnal solution is fairly independent from the number M used (initial
population).
After 1000 iterations, the solution has not yet reached the ﬁxed convergence, but nevertheless qualitative
information can be deduced. As a matter of fact, the normalised density distribution q 0(x) after 500 and
1000 iterations is displayed in Fig. 5b and c (for M = 20), where the grey scale represents the dimensionless
density distribution q 0(x) (black for q 0(x) = 1, grey for 0 < q 0(x) < 1, white for q 0(x) = 0). The optimum patch
shape can be observed to develop in front and behind the crack tip with a triangular-like shapes with a greater
size for the patched region located in the highest stresses area in front of the crack tip. Small isolated patched
regions in the ﬁgure, due to the iterative process which has not reached a complete convergence, must be con-
sidered to be meaningless (so they must be neglected from the optimum patch).
5.1.2. Fatigue life optimisation
The second objective function considered is the minimum number of cycles to failure (fatigue life) detected
in the structure, Ncycles,min = FFL(q 0(x)). A Wo¨hler-type curve for the plate material is assumed (with
A = 400 MPa, rL = 20 MPa and N0 = 2 · 106), while the Soderberg correction is used (p = 1, rref =
ry = 300 MPa, see Eq. (6)) and a cyclic applied uniform tension stress r0 = 100 MPa, with R = rmin/rmax = 0,
is employed. In Fig. 6a the number of cycles to failure is plotted against the number of iterations. After 1000
iterations the expected fatigue life has reached the values Ncycles,min = 7640(8157) for M = 10(20), while it is
practically equal to zero for the square patched plate since around the crack tip the maximum endurance stress
rendur,R=1 exceed the characteristic value A = 400 MPa of the material.
It can be observed that the optimised shape for fatigue is diﬀerent from those optimised against fracture; in
fact the fracture resistance optimisation takes into account the SIF which is a parameter evaluated in a well
deﬁned point of the structure (the crack tip), while the fatigue optimisation considers the maximum value of
the endurance stress, evaluated everywhere in the components, in order to ﬁnd the minimum value of the
expected fatigue life (i.e. cycles to failure). Nevertheless the minimum life location found in the patched plate
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adopted). A well deﬁned patch edges can be obtained by using more generations but the optimum patch shape
pattern can be deduced even with only 1000 cycles (as in the present case). The optimum patch shape (Fig. 6b)
can be observed to develop in a nearly ‘‘hourglass-type’’ shape above and below the crack tip (consider sym-
metry): moreover a triangular-like shapes having a small size develops above and below the crack faces. As in
the fracture optimisation case, some meaningless small isolated patched regions appear, due to the non-fully
converged iterative process.
5.2. Single edge cracked rectangular plate under shear loading
A single edge cracked plate under uniform shear stress s0 is now considered (Fig. 7a). The plate is assumed
to present a length equal to L, height equal to 2H = 2.8 Æ L, thickness equal to t = L/50, whereas the edge
crack length is equal to a, with a = L/10. The cracked zone is assumed to be patched with a plate having
thickness t 0 = t. The bond between the cracked plate and the patch is assumed to be complete (i.e. without
any interface eﬀect) and a plane stress condition is assumed to hold either in the plate and in the patch.
The optimal patch shape, with total area Apatch, is evaluated under the geometric constraint that the exten-
sion of the patch must remain inside an available rectangular region Aav = 2w Æ w (light grey shaded region
centred with respect to the crack, see Fig. 7a), with w = 3a = 3L/10. In this case g = 0.6 i.e. the patched area
is equal to Apatch = g Æ Aav = 0.6 Æ w
2 for half of the structure which has been modelled here (dark grey shaded
Fig. 6. Square plate with a central crack under uniform cyclic tension (see Fig. 4): (a) fatigue life function against the number of iterations.
(b) Fatigue improvement: patch shape obtained through the GA after 1000 iterations.
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Fig. 7. Finite-height strip with an edge crack under shear (a); the area Aav available for patch repair is shown (light grey shaded region).
FE mesh of a half of the strip (b); the patch area Apatch is shown (dark grey shaded region).
1126 R. Brighenti / International Journal of Solids and Structures 44 (2007) 1115–1131region in Fig. 7b, in the case of a rectangular patch). The mechanical characteristics of the plate and of the
patch materials are assumed to be the same to those considered in the ﬁrst example (see Section 5.1).
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Firstly the optimal patch shape is determined by minimising the SIF to enhance fracture resistance behav-
iour. The dimensionless Mode II SIF YII can be deﬁned as follows:Fig. 8.
IchikaY II ¼ KIIs0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p  ap ð21ÞFor the unpatched cracked plate this geometry factor is equal to YII = 0.412 (Ichikawa and Takamatsu,
1985).
The Genetic Algorithm’s parameters have been assumed exactly as in the ﬁrst example considered (see Sec-
tion 5.1). Because of geometry symmetry, only one half of the structure is modelled by using suitable boundary
conditions. The adopted FE mesh (179 eight-node 2-D ﬁnite elements) is displayed in Fig. 7b together with the
patched rectangular region Apatch (dark grey shaded area) and the region Aav available for the patch repair
(light grey and dark grey shaded areas).
The dimensionless SIF, Y II ¼ F KIIðq0ðxÞÞ, against the number of iterations is plotted in Fig. 8a (continuous
and dashed lines). The SIF values for the unpatched plate and for the plate with a rectangular patch are also
shown. Note that the dimensionless SIF after 1000 iterations is reduced to about 67% of that related to the
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information can be deduced. More precisely, the normalised density distribution q 0(x) after 500 and 1000 iter-
ations are displayed in Fig. 8b and c (for M = 20) from which the plate edges can be deduced. The optimised
patch assumes a suitable shape in order to limit as much as possible the relative sliding displacement (on which
depends the Mode II SIF) between the crack faces; this is obtained by transferring the shear stress from one
side of the crack to the other side also by using the material in front of the crack tip where a nearly-triangular
patch shape develops (see Fig. 8c).
5.2.2. Fatigue life optimisation
Now the optimal patch shape is determined by maximising the number of cycles to failure to enhance fati-
gue performance, so the second objective function considered is the minimum number of cycles to failure (fati-
gue life) detected in the structure, Ncycles,min = FFL(q 0(x)). The fatigue Wo¨hler parameters are assumed the
same as in the ﬁrst example while a cyclic uniform shear stress s0 = 20 MPa with R = rmin/rmax = 0 is applied
to the structural component. In Fig. 9a the number of cycles to failure is plotted against the number of iter-
ations. After 1000 iterations the expected fatigue life has reached the value Ncycles,min = 71,160, while it is equal
to about 4580 and 50,166 cycles for the unpatched and the rectangular patched plate, respectively. The opti-
mised patch allow an improvement of the fatigue life of about 42% with respect to the simple rectangular
patched plate. As in the previous example it can be observed that the optimised patch shape for fatigue is
diﬀerent from those optimised for fracture improvement.Fig. 9. Finite-height strip with an edge crack under tension (see Fig. 6): (a) fatigue life function against the number of iterations.
(b) Fatigue improvement: patch shape obtained through the GA after 1000 iterations.
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smooth transition of the stress ﬂow across the cracked zone in order to maintain the Von Mises stress (upon
which the endurance stress is calculated) at low values for the given problem so it is distributed mainly in the
zones where the rVM stress reach high values in order to eliminate the peak of the distortion energy density
ﬁeld presents in the plate around the existing ﬂaw. As in the previous example, for the mechanical and geo-
metrical parameters adopted, the minimum life location found in the plate is in front of the crack tip (not at
the patch edges).
5.3. Plate–patch bond eﬀect
In order to assess the inﬂuence of the plate–patch interface, several fully 3D FE analysis (by using Strand7
FE package, Strand7 user’s manual, 2002) have been conducted by using brick elements (Fig. 10a and b). Both
optimised and rectangular patch shapes have been considered (for both the above problems with F KIðq0ðxÞÞ ¼
Y I; F KIIðq0ðxÞÞ ¼ Y IIÞ by varying the shear stiﬀness plate–patch ratio:Fig. 10
to the
rectangKs;interface
Ks;plate
¼ t
2u
Eð1þ mÞ
Eið1þ miÞ ð22Þwhere mi, 2u are the Poisson’s coeﬃcient and total thickness of the interface, respectively.
In Fig. 10c the ratio KIðIIÞðoptim:patchÞ=KIðIIÞðrect:patchÞ is displayed against the ratio (Ks,interface/Ks,plate). As can be
observed, for shear stiﬀness plate–patch ratio suﬃciently large (>1.0 ) the improvement given by the opti-
mised patch tends to a horizontal asymptote that is to say the inﬂuence of the interface mechanical properties
becomes practically negligible; for sake of clarity by considering the case characterised by E=Ei ¼ 4, mi = 0.45,
m = 0.3 and t/2u = 10, the ratio (Ks,interface/Ks,plate) is equal to 1.12.
From the above observation the assumption of a perfect bond (i.e. Ks,interface/Ks, plate !1) between the
plate and the patch can be considered to be appropriate and does not inﬂuence the optimisation results.
Moreover since the KIðIIÞðoptim:patchÞ=KIðIIÞðrect:patchÞ ratio obtained from the 3D analyses is always less than one
for suﬃciently stiﬀ interface (practically for Ks,interface/Ks,plateP 1), the optimised patch shape obtained from
the 2D simpliﬁed analyses can be considered to be appropriate. Finally in Fig. 10d and e the VonMises stresses. 3-D FE mesh (a), (b) used to study the plate–patch bond eﬀect. Fracture improvement given by the optimised patch with respect
rectangular one by varying the bond/plate relative stiﬀness (c). Von Mises stresses around the cracked zone under Mode I:
ular patch (d) and fracture optimised patch (e).
1130 R. Brighenti / International Journal of Solids and Structures 44 (2007) 1115–1131are plotted in the cracked zone for the Mode I case with a rectangular (d) and an optimised patch (e): as can be
noted the stress gradient around the crack tip is smoother for the optimised patch with respect to the simple
rectangular patch.6. Conclusions
In the present paper, the problem of the optimal shape of a patch repair for a cracked plate is analysed
through a biology-based method, known as the Genetic Algorithm. The best patch topology is deduced by
determining the optimal material density distribution (regarded as the ‘‘design variable’’ of the problem).
The optimisation is performed by keeping constant the total patched area and minimising the SIF function
or the fatigue life (objective functions). The proposed procedure has been implemented in a FE code and some
numerical simulations have been carried out in order to assess its reliability. Two cracked plate conﬁgurations
have been examined, and the optimal shape of the patch repair against fracture and fatigue behaviour has been
determined for both cases.
By adopting the optimal patch shape, the stress–intensity factor can be reduced to about 40–60% with
respect to that related to a simple shape (square or rectangular) patch; so a signiﬁcant increase of the safety
level can be simply obtained by using the same amount of allowable material distributed in an optimised fash-
ion. Also the expected fatigue life (number of cycles to failure) can be considerably improved by using opti-
mised patch repairs with respect to the simple square or rectangular patched case.
Numerical tests have shown as the use of diﬀerent GA parameters (such as the probabilities of crossover,
mutation, penalty term, etc.) do not lead to diﬀerent solutions but simply aﬀect the ratio of convergence to the
ﬁnal patch shape. From the computational point of view it should be considered that the GA procedure
applied to the above problems takes about 7.5 h to run on a PC with a single 3.0 Gb processor (for
M = 10 and 1000 iterations).
The obtained optimised patches, those optimised with respect to the fracture resistance and those optimised
for fatigue behaviour, have shown to have diﬀerent shapes due to the two completely diﬀerent assumed objec-
tive functions considered in the related optimisation problems. In practical cases the presence of static or cyclic
loading must be considered in order to decide which patch shape must be used: improvement with respect to
unstable or stable fracture propagation (fatigue) can be obtained by considering the shapes related to the
objective functions FK(q 0(x)) or FFL(q 0(x)), respectively. Anyway since the SIF aﬀects also the fatigue behav-
iour, the optimised patch with respect to the fracture strength can be considered to be suitable also for fatigue
strength. In practical applications, since the calculated optimised shapes are sometimes geometrically complex,
simple shapes which roughly approximate the numerical one can be used instead of trivial rectangular patches.
The simple and reliable implemented optimisation procedure seems to be suitable to tackle several problems
related to the design of the best topology of patch repairs in order to achieve any given mechanical perfor-
mance of the damaged structures.Acknowledgements
The authors gratefully acknowledge the research support for this work provided by the Italian Ministry for
University and Technological and Scientiﬁc Research (MIUR).
References
Belhouari, M., Bachir Bouiadjra, B., Megueni, A., Kaddouri, K., 2004. Comparison of double and single repairs to symmetric composite
structures: a numerical analysis. Compos. Struct. 65, 47–53.
Bendsøe, M.P., Kikuchi, N., 1988. Generating optimal topologies in structural design using a homogenization method. Comput. Methods
Appl. Mech. Eng. 71, 197–224.
Brighenti, R., 2004. Optimum patch repair shapes for cracked members. Int. J. Mech. Mater. Des. 1 (4), 365–381.
Broek, D., 1982. Elementary Engineering Fracture Mechanics. Martinus Nijhoﬀ Publishers.
Cappello, F., Mancuso, A., 2003. A genetic algorithm for combined topology and shape optimisations. Comput.-Aided Des. 35, 761–769.
Cho, J.R., Ha, D.Y., 2002. Volume fraction optimization for minimizing thermal stress in Ni-Al2O3 functionally graded materials. Mater.
Sci. Eng. A334, 147–155.
R. Brighenti / International Journal of Solids and Structures 44 (2007) 1115–1131 1131Davis, L. (Ed.), 1991. Handbook of Genetic Algorithms. Van Nostrand Reinhold, New York.
Davis, M., Bond, D., 1999. Principles and practices of adhesive bonded structural joints and repairs. Adhes. Adhes. 19, 91–105.
Eduardo, M.R.F., Marcos, M.S., Romildo, D.T.F., Jose´, L.D.A., Nelson, F.F.E., 2004. Optimisation of mass concrete construction using
genetic algorithms. Comput. Struct. 82, 281–299.
Gantovnik, V.B., Anderson-Cook, C.M., Gu¨rdal, Z., Watson, L.T., 2003. A genetic algorithm with memory for mixed discrete-continuous
design optimization. Comput. Struct. 81, 2003–2009.
Gerber, W.Z., 1874. Bestimmung der zula¨ssigen spannungen in eisenconstructionen (Calculation of the allowable stresses in iron
structures). Z. Bayer Archit. Ing. Ver. 6 (6), 101–110.
Goldberg, D.E., 1989. Genetic Algorithms in Search, Optimization, and Machine Learning. Addison-Wesley Publishing Company Inc.,
MA.
Goodman, J., 1899. Mechanics Applied to Engineering, ﬁrst ed. Longmans, Green and Co., London.
Haftka, R.T., Grandhi, R.V., 1986. Structural shape optimization – a survey. Comput. Methods Appl. Mech. Eng. 57, 91–106.
Ichikawa, M., Takamatsu, T., 1985. Fracture toughness test for the thin plate under mode II loading. Trans. Jpn. Mech. Engrs. 51, 1115–
1121.
Isida, M., 1976. Arbitrary symmetric loading problems of centrally cracked rectangular plates. Trans. Jpn. Mech. Engrs. 42, 3019–3030.
Lim, I.L., Johnston, I.W., Choi, S.K., 1992. On stress intensity factor computation from the quarter-point element displacements.
Commun. Appl. Numer. Methods 8, 291–300.
Liu, C.-F., Jou, H.-S., Lee, Y.-T., 1997. Stress intensity factor of a patched crack. Int. J. Solid Struct. 34, 1557–1562.
Mahadesh Kumar, A., Hakeem, S.A., 2000. Optimum design of symmetric composite patch repair to centre cracked metallic sheet.
Compos. Struct. 49, 285–292.
Mlejnek, H.P., Schirrmacher, R., 1993. An engineering approach to optimal material distribution and shape ﬁnding. Comput. Methods
Appl. Mech. Eng. 106, 1–26.
Muc, A., Gurba, W., 2001. Genetic algorithm and ﬁnite element analysis in optimization of composite structures. Compos. Struct. 54,
275–281.
Sadagopan, D., Pitchumani, R., 1998. Application of genetic algorithms to optimal tailoring of composite materials. Compos. Sci.
Technol. 58, 571–589.
Sendenckyj, G.P., 2001. Constant life diagrams – a historical review. Int. J. Fatigue 23, 347–353.
Soderberg, C.R., 1930. Factor of safety and working stress. Trans. Am. Soc. Mech. Eng. 52 (part APM-52-2), 13–28.
Strand7 user’s manual, 2002. G+D Computing, Sydney, Australia.
Surendranath, H., Bruck, H.A., Gowrisankaran, S., 2003. Enhancing the optimization of material distributions in composite structures
using gradient architecture. Int. J. Solids Struct. 40, 2999–3020.
Ting, T., Jones, R., Chiu, W.K., Marshall, I.H., Greer, J.M., 1999. Composite repairs to rib stiﬀened panels. Compos. Struct. 47, 737–743.
Tsai, G.-C., Shen, S.B., 2004. Fatigue analysis of cracked thick aluminium plate bonded with composite patches. Compos. Struct. 64,
79–90.
Wieghardt, K., Hartmann, D., Leimbach, K.R., 1997. Interacting shape optimisation of continuum structures. Eng. Struct. 19 (4),
325–331.
Zacharopoulos, D.A., 1999. Arrestment of cracks in plane extension by local reinforcements. Theor. Appl. Fracture Mech. 32, 177–188.
Zohdi, T.I., 2003. Constrained inverse formulations in random material design. Comput. Methods Appl. Mech. Eng. 192, 3179–3194.
